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We consider  the stabili ty of a layer  of weakly ionized plasma between conducting electrodes  closed 
by an external c i rcui t .  It is assumed that the p lasma ions are formed due to space ionization, and the e lec -  
t rons  are formed as a resul t  of emiss ion from the heated electrode (cathode). Such a sys tem is called a 
low-voltage arc or  an arc  with heated cathode. The v o l t - a m p e r e  cha rac te r i s t i c s  of a low-voltage arc have 
a region of negative res i s tance  in which various instabilities of the overheating type can develop. Over-  
heatIng instabili t ies have been investigated in a number  of papers  for semiconducting and gas -d i scharge  
p lasmas [1-3]. As distinct f rom the cases  previously considered,  the mechanism of overheating instability 
is closely associated with the p rocesses  of space ionization which occur  in the discharge.  In this paper we 
obtain a nonlinear equation describing the nonstat ionary low-voltage arc discharge which is inhomogeneous 
along the e lectrodes .  On the basis  of this equation we investigate the stabili ty of a homogeneous discharge.  
We show that when the differential res is tance  is negative the discharge is unstable, and when it is positive 
the discharge is stable. The development of perturbations which are homogeneous along the e lectrodes  
leads to an over throw of the discharge into that par t  of the charac te r i s t i cs  In which they are stable. In- 
homogeneous perturbations lead to the formation of a t r ansverse  inhomogeneous s t ruc ture  in the discharge 
or  a local reduction of the cur rent  density.  

1. Let the origin of coordinates be chosen at the middle of the p lasma layer  under considerat ion;  
the x axis directed perpendicular  to the e lect rodes  and the y and z axes paral lel  to them. The distance 2l 
between the e lect rodes  is much less than their  t r ansve r se  dimensions,  which are assumed to be unbounded. 
As we know, in a low-voltage arc the plasma is separated from the e lectrodes  by potential b a r r i e r s  which 
r e s t r i c t  the e lectron flux f rom it (Fig. 1). As a result  of this, and also because of the high thermal  conduc-  
tivity of the e lect rons ,  we can assume that the tempera ture  of the e lectron gas, Te, is independent of x. 

We shah also assume that T e is not a function of the t ime or  the t r ansve r se  coordinates  in all t e rms  
with the exception of the ionization rate coefficient a ,  which is very  sensit ive to tempera ture  changes 
(~ ~ exp (-Ei/Te), E i / T e  ~ 20). The ion tempera ture  Ti, which coincides with the tempera ture  of the atoms, 
is also assumed to be constant.  We consider  sys tems  of such dimensions that we can ignore 'energy ex-  
change between electrons and ions, i.e., T e ~ T i. 

The e lectron Jx and ion Jx flux densities can be expressed by the following equations: 

dn d~ 
Y~ = - -  D~ ~ + hue ~x (1.1) 

V ,  . . . .  I Ir 
-1 $ l 

Fig. i 

and a s imi lar  equation for the ions, where the diffusion coefficients De and D i 
and the mobility coefficients Ue and u i are determined by coll isions with 
neutral  atoms and are assumed to be constant.  In view of the intense volume 
ionization in a low-voltage arc ,  

and so 

]x  ~ ix ~ JxuJue (1.2) 
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ue a dx ~'~ - -  D~ -~z '  D~, = i A- Di  (1.3) 

H e r e  D a i s  the  a m b i p o l a r  d i f fu s ion  c o e f f i c i e n t .  I t  fo l lows  f r o m  the  equa t ion  of  con t inu i ty  fo r  ions  tha t  

~n Da ~2n Ot ~ = ~:n (1.4) 

H e r e  tyn i s  the  n u m b e r  of  ions  o r i g i n a t i n g  in  uni t  vo lume  in uni t  t i m e .  

The  s t a t i o n a r y  d e n s i t y  d i s t r i b u t i o n  h a s  a m a x i m u m  [4] n e a r  the  p lane  x = 0. Hence ,  in what  fo l lows ,  
to  a s u f f i c i e n t l y  h igh  d e g r e e  of a c c u r a c y ,  we can  a s s u m e  tha t  the  s o l u t i o n  of (1.4) i s  s y m m e t r i c a l  and s a t i s -  
f i es  the  fo l lowing  b o u n d a r y  c o n d i t i o n s :  

Da d~z x=+~ __ t ( ( 8T~ ~'/,~ 
_ = ~-  -~- v in l  ~i= \ ~ i /  / (1.5) 

H e r e  n i i s  the  p l a s m a  d e n s i t y  at  the  ca thode  (x = - l ) o r  the  anode (x = l ). The  c o e f f i c i e n t  ~2 on the 
r i g h t  s ide  of (1.5) i s  c h o s e n  so  as  to  t ake  account  of the  d e p a r t u r e  f r o m  e q u i l i b r i u m  of the  ion  d i s t r i b u t i o n  
due to the  e f f ec t  of the  e l e c t r o d e .  

As  a r e s u l t ,  in the  s t a t i o n a r y  c a s e ,  

n = n~ cos Tx / cos ~'l 

I t  was  shown in [4] tha t  

5 7 / t g y / =  l ,  

(1.6) 

~ l = ~ / ~ u ( t - - 5 ) ,  5 = 2 D ~ / v ~ l ~ i  (1.7) 

I t  fo l lows  f r o m  the f o r e g o i n g  r e s u l t s  tha t  the ion f lux i s  s y m m e t r i c a l  to both  e l e c t r o d e s ,  whi l e  the  
e l e c t r o n  c u r r e n t  J x  f lowing f r o m  the ca thode  to the  anode i s  s m a l l  by  c o m p a r i s o n  wi th  each  of  the  c o m -  
ponen ts  s e p a r a t e l y  on the r i g h t  s i de  of (1.1). 

2. The  p r o b l e m  b e l o w  i s  to  ob t a in  a c l o s e d  s y s t e m  of equa t ions  d e s c r i b i n g  the n o n s t a t i o n a r y  p r o -  
c e s s e s  in  a l o w - v o l t a g e  a r c .  We sha l l  a s s u m e  tha t  the  d i s c h a r g e  can  be i n h o m o g e n e o u s  wi th  r e s p e c t  to y 
and z.  In  a c c o r d a n c e  wi th  the  c o n s i d e r a t i o n s  which  fo l low,  we can  c o n s i d e r a b l y  s i m p l i f y  the  p r o b l e m  u n d e r  
d i s c u s s i o n .  

We no te  tha t  the  s e t  of  s o l u t i o n s  of  the  equa t ion  

d ~ %  __ 
dx ~ y~n~ (2.1) 

wi th  the  b o u n d a r y  cond i t i ons  (1.5) f o r m s  a c o m p l e t e  o r t h o n o r m a l i z e d  s y s t e m  of func t ions  in the  i n t e r v a l  
- l  < x < l ,  the  e i g e n v a l u e s  of  which  a r e  d e t e r m i n e d  f r o m  the so lu t i on  of  the  t r a n s c e n d e n t a l  equa t ions  

~yhI tg ykl --  i for k = i , 3 , 5 , . . . ;  - -  5 y ~ l c t g ~ /  = i for k~2 ,4 ,6  . . . .  (2.2) 

The  c o m p l e t e n e s s  and o r t h o g o n a l i t y  of t h i s  s y s t e m  fol low f r o m  the s e l f - c o n j u g a c y  of the  o p e r a t o r  
(2.1). As  5 ~ 0 the  s o l u t i o n s  of (2.2) t r a n s f o r m  to the  f o r m  

y~l =- x/~ n k  , ( k = i , 2 , 3  . . . .  ) 

We s e e k  the  s o l u t i o n  of  the  n o n s t a t i o n a r y  p l a s m a  d i f fu s ion  equa t ion  

On O~n ~.. ~ 
Ot ~- D~ ~ -~ D ~ A 2 n  ~- an  = O, A I = - ~  -~ 

in  the  f o r m  of a s e r i e s  

n =  ~ N~ (t, g, z) n~ (x) 

(2.3) 

(2.4) 

(2.5) 
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Then, for the coefficients of that ser ies  we have 

- -  ONe. / Ot + D~hj_Nk + (~ - -  ak) N;~ = 0 (% = ";~'D a) (2.6) 

It is easy  to see that in the stat ionary and homogeneous (with respec t  to y,z) state the unique posi t ive-  
ly defined solution of Eq. (2.6) in the interval - l  < x < l is 

a = a ~ ,  NI~=0,  N ~ = 0  for,~ k4:1 (2.7) 

This corresponds  to the resul ts  (1.6) and (1.7). Fur ther ,  f rom (2.6) we see that if, in the nonstation- 
ary  state,  the value of ~ is less  than ~z, then, for  all k, apart  f rom k = 1, N k is exponentially damped, and 
thus the general  solution of (2.5) reduces to the solution with separated variables  

n = Nl(t ,  y, z) cos 7x = nl(t , y, z) cos ~?x/cos ~?l (2.8) 

where 9/ = Yl is defined by (1.7). The next t e rm in the se r ies  occurs  only when ~ is made g rea te r  than 
ce 2 ~ 4~ i. Thus, there is a wide region of nonstat ionary states in which the solution can be represen ted  as 
{2.8). In what follows we r e s t r i c t  ourselves  to just  this region.  

If we integrate Eq. (2.4) with respect  to x f rom - l  to l ,  and note that, as will be shown below, the 
t e r m  D a A• n does not make a significant contribution to the final result ,  we find that 

l 

ON/Ot  q - v ~ n l - - a N = O ,  N =  I ndx (2.9) 
--I 

It follows f rom (2.8) that 

Thus; 

n I = bN,  b = a2 Da -~- ~il--~ (2.10) 

ON gu Da 
W + ( ~ - ~ ) N = O '  ~ =  4 z~ (2.11) 

To obtain a closed sys tem of equations we compute the potential drop in the in tere lect rode space.  It 
follows f rom (1.1) that 

x f  

The pre -e lec t rode  potential discontinuity r ~ at the cathode and Ar 2 at the anode are determined from 
the equations 

J1 = JR - -  X/4nlVe exp (-- $1), ]2 = 1/4hiVe exp (h$~) (2.13) 

Here JR is the flux density of e lectron emiss ion and JI,2 are the flux densities of the e lect rons  at the 
cathode and the anode. I t  follows from (2.12) and (2.13) that the total potential drop in the discharge,  U, is 
(in units of T e / e )  

l �9 

J, t Y 

L~_ dx (2.14) u -  r + + = I .  sl + _f 

In what follows we shall assume that the derivat ives along the e lectrodes  are smal l  by compar ison 
with the derivatives with respec t  to x. This implies that 

6J = J 2 - - J l ~ J 2  (2.15) 

Fur ther ,  in the integral  on the right side of (2.14), the basic contribution comes f rom the regions 
near  the e lectrodes ,  where the plasma density is small .  As a result ,  
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I l 

I ]-~ dx -- J* § J~ I dz.; (2.1 6) 
_/ --/ 

F o r  the  d e n s i t y  d i s t r i b u t i o n  (2.8), the  i n t e g r a l  (2.16) i s  

l 

--l 

I f  we expand  the  f i r s t  t e r m  on the r i g h t  s ide  in (2.14) in  t e r m s  of 5 J  and u s e  (2.16), (2.17), we ob ta in  

U -  In l -  I v - - J R  ' J R  ' "V - -  d j  R 

F o r  s m a l l  5I the  t e r m  in  [ I / (1  - I ) ]  i s  the  t o t a l  vo l t a ge  d r o p  in the  p r e - e l e c t r o d e  l a y e r s ,  I / v  i s  the 
p o t e n t i a l  d r o p  in  the  p l a s m a ,  the  t e r m  ~5 J i s  the  change  in the  p o t e n t i a l  d r o p  due to  c u r r e n t s  f lowing a long 

the e l e c t r o d e s .  

We c o n s i d e r  now the  e n e r g y  b a l a n c e  in the  e l e c t r o n  g a s  

div q = - -  ~znEi, q = J (2T~ - -  e•) - -  2D~nvT~ (2.19) 

H e r e  E i i s  the  e f f ec t i ve  e n e r g y  l o s t  by  the  e l e c t r o n  gas  in  one i o n i z a t i o n  ac t .  The  e n e r g y  f luxes  e n t e r -  

ing the e l e c t r o n  gas  at  the  ca thode  and anode ,  r e s p e c t i v e l y ,  a r e  [4] 

q* = 2TeJ,  - -  2(Te - -  T,)JR, q2 = (2Te - -  eV) 3- 2 (V -----T-T~ U) (2.20) 

H e r e  T 1 i s  the  ca thode  t e m p e r a t u r e .  In e v a l u a t i n g  (2.20), we a s s u m e  tha t  the  ca thode  s u r f a c e  i s  at 
z e r o  p o t e n t i a l .  I n t e g r a t i n g  (2.19) wi th  r e s p e c t  to  x f r o m  - l  to l and u s i n g  (2 .20)  and the equa t ion  of c o n -  
t i nu i t y  fo r  e l e c t r o n s ,  d i v J  = 0, we ob t a in  

l 

U I  = a + e• - -  V•  ~dx  (2.21) 
- - l  

y~-ln - : ~ t ,  •  a = 2  I--~-~ , e = 4 ~  ~ -  

w h e r e  J•  is  the p r o j e c t i o n  of the  v e c t o r  J on the  yz  p l a n e .  We s e e  f r o m  (2.21) tha t  the e n e r g y  i n t r o d u c e d  
by  the c u r r e n t  into the  i n t e r e l e c t r o d e  s p a c e  (IU) i s  expended  on he a t i ng  the  e l e c t r o n  b e a m  l e a v i n g  the c a t h -  
ode to t e m p e r a t u r e  Te  (coef f i c ien t  a ) ,  on i o n i z a t i o n  (e~v),  and  on the c r e a t i o n  of an e n e r g y  flux a long the 
e l e c t r o d e s  c a r r y i n g  the  t r a n s v e r s e  c u r r e n t .  B e c a u s e  the e n e r g y  of the  e l e c t r o n s  i s  s m a l l ,  in c o m p u t i n g  the 
e n e r g y  b a l a n c e  and the  vo l t age  d rop  we can  n e g l e c t  the  t i m e  d e r i v a t i v e s .  

3. C o n s i d e r  a d i s c h a r g e  which  i s  h o m o g e n e o u s  wi th  r e s p e c t  to y and z.  In th i s  c a s e  V• = 0, 5 I  = 0, 
and Eqs .  (2.11), (2.18), and (2.21) can  be w r i t t e n  as 

d.  l ! (3.1) d-T + ( 1  - - •  I U - - a  = e u v ,  U - - l n  ~ = - ~ -  

w h e r e  ~- = f i t .  In  the  s t a t i o n a r y  c a s e  ~ = 1, and 

F (U, , )  =_ (U --  + ) ( U  - - l n ~ _ / )  = e  (3.2) 

Equa t ion  (3.2) i s  the  v o l t - a m p e r e  c h a r a c t e r i s t i c  of the d i s c h a r g e  s i n c e ,  by (1.7), the e l e c t r o n  t e m -  
p e r a t u r e  Te i s  i ndependen t  of the c u r r e n t  [4]. F o r  e << 1, i t  c an  be a p p r o x i m a t e d  by the  fo l lowing  two e q u a -  
t i ons :  

f ---- U - -  - I -  = 0, g = U - -  In = 0 (3.3) 

The f i r s t  of t h e s e  g i v e s  a b r a n c h  wi th  n e g a t i v e  d i f f e r e n t i a l  r e s i s t a n c e .  

375 



In the nonstat ionary case ,  Eq. (3.1) forms a closed sys tem for the var iables  v,  ~t, I. The voltage drop 
U is associated with I through the equation 

U = E - -  r l  r = e2RSJR / T  e (3.4) 

where E is the emf in the external c i rcui t ,  r is the nondimensional res is tance  of the external circuit ,  eSJ R 
is the  emiss ion current  f rom the cathode. If we eliminate ~ and v f rom (3.1) and use (3.4), we obtain 

, )  ~t t F (v, x ) - ~  (a = l + ~ (3 .5 )  
d~: = e G g + r l  g ~ g ( l - -  

The functions F and g were defined above. 

For  small  deviations f rom the equilibrium state 

I = I  o + I ' ,  U =  U o - - r I '  (3.6) 

the function F(U, ]) can be written as 

OF I '  
- -  !,'TO--)I r l  ( 3 . 7 )  

The derivative (OF/aI)u can be expressed  in t e rms  of the differential res i s tance  rd = ( a U / 0 I ) F = e .  
Differentiating the equation F = const,  we obtain 

OF" (--~')U [ OF ~ { OU \ 
= - \ - ~ o - h  t , - - ~ ) ~  = - (g + I) rd 

Noting that F(U0, I0) = r and l inearizing (3.5) with the aid of (3.7) and (3.8) we can obtain 

(3 .8 )  

dr' : - - ( r  q-r~) gIo f + g  I '  (3.9) 
d-~ ~ Gg + rio 

We see from Eq. (3.9) that, since f ,  g, and G are positive, when - r  d < r,  the discharge is stable, 
while when - r  d > r ,  instability develops. A s imi la r  resul t  was obtained in [5], where cer tain simplifying 
assumptions in this paper  were not made (in par t icular ,  assumptions about the s y m m e t r y  of the plasma 
density distribution in the layer) .  

We turn to an analysis of the nonlinear equation (3.5). The v o l t - a m p e r e  charac te r i s t i c s  of the d i s -  
charge (3.2) are given in Fig. 2 for  e = 0.1, a = 1 (curve 1) andloading charac te r i s t i c  (3.4), Curves  3 and 
4 represen t  the functions f =  0 and g = 0. Below curve 3 and above curve 4 there a re  forbidden regions,  since it 
follows f rom (3.1) that v < 0 there .  Below the curve 3 the energy introduced into the discharge (UI) is not 
sufficient to heat the electrons leaving the cathode to the tempera ture  T e. Hence the discharge is sup-  
p ressed  on this curve .  The region above curve 4 can only be reached ff there  are  emf sources  in theplasma.  

As we can see f rom (3.5) (cf. also Fig. 2), on the right o f t h e v o l t - a m p e r e  charac te r i s t i c  clI/dT > 0, 
While on the left ctI/dT < 0. The load line (3.4) i n t e r s e c t s t h e v o l t - a m p e r e  charac te r i s t i c s  at two points, 
the upper point of intersect ion B being always stable, while the lower A is unstable.  Any cur ren t  pe r tu rba -  
tions at A lead (depending on the sign of the perturbation) e i ther  to quenching of the discharge or  to t r ans i -  
tion to the point B of stable equilibrium. Since this conclusion is obtained f rom a nonlinear equation, it 
holds not only for infinitely small ,  but also for  finite per turbat ions.  

z~ z# ~2 

Fig. 2 

To explain the instability we can assume the following physical  
mechanism.  For  s implici ty we put r = 0. As a result ,  let the random 
fluctuation in the density v increase  slightly. This leads to a reduction 
in the potential drop in the p lasma volume I / v  by an amount - I A v / v  2. 

Since U must  remain  constant,  by (3.1) the cur ren t  through the discharge 
must  increase  by an amount 

I~ (1 ~ I) Av 
AI = x(t-- 1) + v ~ -  

In turn, this leads to an increase  in the energy introduced into the 
plasma by an amount UAI. If  this were g rea te r  than the increase  in the 
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i o n i z a t i o n  l o s s e s  e A  u [cf. Eq.  (3.1)], the  d e n s i t y  f l uc tua t i ons  would  i n c r e a s e  and the s y s t e m  would d e p a r t  

f r o m  i t s  i n i t i a l  s t a t e .  Thus ,  fo r  i n s t a b i l i t y  i t  i s  n e c e s s a r y  tha t  

x I (l - -  I) 
1 ( 1 - - I ) + ~  > e  

As  a r e s u l t  of  t h i s ,  in  the  l o w e r  p a r t  of the  c h a r a c t e r i s t i c  [for u << I(1 - I)] ,  w h e r e  the  i o n i z a t i o n  
l o s s e s  a r e  s m a l l  and the  p o t e n t i a l  d r o p  in  the  p l a s m a  is  l a r g e ,  i n s t a b i l i t y  o c c u r s .  Quite a d i f f e r e n t  s i t u a -  
t ion  i s  c r e a t e d  in the  u p p e r  p a r t  of the  c h a r a c t e r i s t i c  Iv >> I(1 - I)] .  T h e r e  the  i o n i z a t i o n  l o s s e s  a r e  l a r g e ,  
whi l e  the  r o l e  of the  po t en t i a l  d r o p  in the  p l a s m a  i s  i n s i g n i f i c a n t ,  and i s  e a s i l y  c o m p e n s a t e d  by  a s m a l l  
change  in the  c u r r e n t .  Thus ,  the  u p p e r  p a r t  of the  c h a r a c t e r i s t i c  i s  s t a b l e .  A s i m i l a r  p r o c e s s  a l s o  o c c u r s  
when t h e r e  i s  a f luc tua t ing  r e d u c t i o n  in the  d e n s i t y .  The  c r i t e r i o n  o b t a i n e d  above  c o i n c i d e s  wi th  the  c o n d i -  
t ion  fo r  a p o s i t i v e  i n c r e m e n t  in Eq.  (3.9). 

4.  C o n s i d e r  the  b e h a v i o r  of p e r t u r b a t i o n s  which  a r e  i n h o m o g e n e o u s  wi th  r e s p e c t  to  y and z,  when 
the  c h a r a c t e r i s t i c  d i m e n s i o n  of the  i n h o m o g e n e i t y  i s  m u c h  g r e a t e r  than  the  d i s t a n c e  be tw e e n  the  e l e c -  
t r o d e s  (2 l ) .  In  th i s  c a s e ,  the  t e r m s  in Eqs .  (2.18) and (2.21) con ta in ing  5I and V• a r e  s m a l l ;  a s i m i l a r  
s t a t e m e n t  can  a l s o  be m a d e  about  the  equa t ion  

J• = - -  DeVln  + u~nVIT = - -  D e [V• - -  nVj.~] (4.1) 

F u r t h e r ,  i t  fo l lows  f r o m  (2 A3) tha t  

Y/lV(, 
41 = In 4 (TRR :-- J1) (4.2) 

In s u b s t i t u t i n g  (2.12) and (4.2) into (4.1) we can  a s s u m e  tha t  J ~ J1 ~ J2. Then ,  not ing  tha t  the  e l e c -  
t r o d e s  a r e  e q u i p o t e n t i a l  ~TxU = 0), we can  ob t a in  

( , JR i dz) V• (4.3) J i = D ~ n  t I ~ _l'~" i - - I  

In  d e r i v i n g  (4.3) we u s e d  (2.8) and (2.18), in which,  in  th i s  c a s e ,  we can  put 6I = 0. Not ing tha t  d i v J  = 
0, f r o m  (4.3) we can  ob t a in  

8 J = - - D ~ V •  n t 7- % dx 
--I  - -I  

Since  the  d e n s i t y  n h a s  a m a x i m u m  at x = 0, the t e r m  in p a r e n t h e s e s  can  be t a k e n  ou t s i de  the  i n t e g r a l  
s i g n  f o r  x = 0. Then  

2 1 - -  1 
8J = --  D~V• [Np (I) V• P ( [ )  - -  2I (i - -  I) (4.4) 

The  s a m e  r e s u l t  i s  o b t a i n e d  i f  the  i n t e g r a l  i s  e v a l u a t e d  e x a c t l y .  S i m i l a r l y ,  we can  e v a l u a t e  the  i n t e -  
g r a l  

l l 

- - I  - - t  
(4.5) 

The  l a s t  t e r m  on the  r i g h t  s i de  of (2.12) i s  l e s s  than  the  two o t h e r  t e r m s .  Hence ,  when we s u b s t i t u t e  
(2.12) in  the  i n t e g r a l  (4.5) t h i s  t e r m  can  be  o m i t t e d .  When we e v a l u a t e d  (4.4) the  t e r m  was  r e t a i n e d  s i n c e  
i t s  d e r i v a t i v e  m a k e s  an a p p r e c i a b l e  c o n t r i b u t i o n  [the f a c t o r  (2I - 1 ) / 2 I  i n s t e a d  of 1]. We can  e v a l u a t e  the  
i n t e g r a l  on the  r i g h t  s i de  of  (4.5): 

l l 

l S ' [ l ,~ - g  \ dz l = N In - -  l (4.6) 
- - l  - - l  

Thus ,  f r o m  (2.11), (2.18), (2.21), (4.4), (4.5), and (4.6) we ob t a in  the  fo l lowing  s y s t e m  of  e q u a t i o n s :  

0 ~  
0-T + (1 - -  • = 0 (4.7) 
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I s + i i /~Tx, [p(I )v~•  W• = V a~• (4.8) U - - I n  t - - ~  -- 

UI - -  a = e• -- V• [p (I) (~1 + c) vV• (c = In (41 ~8) --  t) (4.9) 

The  v a r i a b l e s  u ,  ~ ,  r ,  e a r e  de f ined  above .  In d e r i v i n g  (4.8)' the  s e c o n d  t e r m  in p a r e n t h e s e s  in (2.18) 
was  o m i t t e d  by  c o m p a r i s o n  wi th  the  f i r s t ,  s i n c e  u > 1 o v e r  a l a r g e  p a r t  of the  v o l t - a m p e r e  c h a r a c t e r i s t i c .  
I f  we t ake  account  of t r a n s v e r s e  d i f fus ion  in (2.9), the  fo l lowing  t e r m  a p p e a r s  in (4.7): 

[4 In (4 ] ~6)] - IAi 'v  

which  i s  s m a l l  by  c o m p a r i s o n  wi th  the  r e m a i n i n g  t e r m s  con ta in ing  t r a n s v e r s e  d e r i v a t i v e s  (5 << 1). T a k i n g  
accoun t  of t h e s e  t e r m s  does  not  p r o d u c e  any q u a l i t a t i v e l y  new r e s u l t s  and l e a d s  only  to a m o r e  l a b o r i o u s  
c o m p u t a t i o n .  

I f  in (4.7)-(4.9)  we i g n o r e  the  d e r i v a t i v e s ,  we can  ob ta in ,  as  a f i r s t  a p p r o x i m a t i o n ,  equa t ions  d e s c r i b -  
ing the  h o m o g e n e o u s  s t a t i o n a r y  s t a t e .  B e c a u s e  the  i n c r e m e n t s  and the t r a n s v e r s e  i n h o m o g e n e i t i e s  a r e  
s m a l l ,  t h e s e  equa t ions  can  be  u s e d  to t r a n s f o r m  the  t e r m s  in  (4.7)-(4.9) con ta in ing  d e r i v a t i v e s .  I f  we t ake  
t h i s  and the  e x p r e s s i o n s  fo r  ~tu f r o m  (4.9) and v f r o m  (4.8) in to  account ,  we can  w r i t e  (4.7) as 

OI I OU 
e g ~ - - e  g o~ - - g V x ' l p ( I ) ( ~ l  + c ) v V •  

'V 
+ e ~ _ l  V• IP(I) vV• - - I I F  (U, I ) - -  el = 0 

(4.10) 

H e r e ,  in  a c c o r d a n c e  wi th  (3.1) and (3.3), and a s s u m i n g  tha t  the  t e r m s  con ta in ing  t r a n s v e r s e  d e r i v a -  
t i v e s  a r e  s m a l l ,  we can  put  u = f I / e .  In (4.10) we n e g l e c t  the  s q u a r e s  of the  s l o p e s  and a s s u m e  tha t  the  
p e r t u r b a t i o n s  do not  change  the  t o t a l  c u r r e n t ,  as  a r e s u l t  of which  0 U / 0 T  = 0; then  we obta in  

oi / I e G T ~ - - p ( I ) A ( I ) I A •  A ( I ) = ~ l - [ - c  g i - - 1  (4.11) 

Equa t ions  (4.10) and (4.11) d e s c r i b e  a l o w - v o l t a g e  a r c  d i s c h a r g e  which  i s  i n h o m o g e n e o u s  in  the  t r a n s -  
v e r s e  c o o r d i n a t e s .  

5. As was  shown above ,  i n s t a b i l i t y  of  the  p e r t u r b a t i o n s  which  a r e  h o m o g e n e o u s  wi th  r e s p e c t  to y, z 
l e a d s  to an o v e r t h r o w  of the  d i s c h a r g e  into a s t a b l e  p a r t  of the v o l t - a m p e r e  c h a r a c t e r i s t i c .  C o n s i d e r  s m a l l  
p e r t u r b a t i o n s  in  which  the  wave  v e c t o r  is  d i r e c t e d  a long the p l a s m a  l a y e r  

I = Io ~-I'(t) exp (ikxr• (5.1) 

In  the  l i n e a r  a p p r o x i m a t i o n ,  f r o m  (4.11) we have  

w h e r e  the  d i f f e r e n t i a l  r e s i s t a n c e  i s  

c a s e  

dl' Io (5.2) 
dg eG [ -  ra (g -t- 1) -- k• A ] I' 

rd = T  ~--I f-Tga ) / + g  (5.3) 

We sha l l  c o n s i d e r  a r e g i o n  n e a r  the  t u r n i n g  po in t  of  t he  v o l t - a m p e r e  c h a r a c t e r i s t i c  (r d ~. 0). In  th i s  

/ Io 
I ~  g 1--10 ~ a ~ - ~ l  

and,  s i n c e  r + c >>1, we f ind tha t  p > 0, A > 0. Hence  the  t e r m  p r o p o r t i o n a l  to k 2 i s  p o s i t i v e  and l e a d s  to 
d a m p i n g .  We note  tha t  t h i s  damp ing  o c c u r s  not  as  a r e s u l t  of d i f fu s ion  o r  t h e r m a l  c onduc t i v i t y ,  but  due to  
the  a p p e a r a n c e  of t r a n s v e r s e  c u r r e n t s  c a u s i n g  a r e d i s t r i b u t i o n  of the  J o u l e  hea t .  The  f i r s t  t e r m  in b r a c k e t s  
in  (5.2) f o r  r d < 0 g i v e s  an i n c r e m e n t  the  n a t u r e  of which  was  s t u d i e d  above .  As  we s e e  f r o m  (5.2), in  the  
l o w e r  p a r t  of the  v o l t , a m p e r e  c h a r a c t e r i s t i c  (r d < 0) the  p e r t u r b a t i o n s  a r e  u n s t a b l e  when k I i s  s u f f i c i e n t l y  
s m a l l .  The  w a v e l e n g t h  of the  u n s t a b l e  p e r t u r b a t i o n s  s a t i s f i e s  the  i n e q u a l i t y  
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Fig. 3 

~ , > E ,  = 2~ (~t {- A(_I) p(I)_ )'/, 
\l~dl(/+g) (5.4) 

Since r d is smal l  and ~-d > l ,  in the whole region of unstable  wave-  
lengths,  including the boundary (X = X ,  ), the assumpt ion made in der iving 
(4.10), (4.11), that the t r a n s v e r s e  slopes were  smal l ,  is just i f ied.  

Thus,  in the lower par t  o f t h e v o l t - a m p e r e  cha r ac t e r i s t i c ,  a d ischarge  
which is  homogeneous with r e spec t  to y, z is unstable for  per turba t ions  with 

> k .  i r r e s p e c t i v e  of the r e s i s t ance  of the external  c i rcui t .  As a resul t ,  in 
the range in which the r e s i s t ance  is negative,  for  sufficiently l a rge  e lec t rodes  

there  mus t  develop a d ischarge  which is inhomogeneous in the t r a n s v e r s e  direct ion and which is descr ibed  
by the nonlinear  equation (4.11). Below we cons ider  s t a t ionary  solutions of this equation. When 0 / a t  = 0, 
it follows f rom (4.11) that 

A~_I dd) (I) qb (I) ~ F (U, I) -- 8 - dz ' = ~ 2~(~) p - ~  d I  ( 5 . 5 )  

The ex t r e m a  of the function @ {I) co r r e spond  to points onthe v o l t - a m p e r e  c h a r a c t e r i s t i c  (3.2), the re  
being a m a x i m u m  on the upper  b ranch  [i( 2)] and a min imum on the lower  I (1) (Fig. 3). 

In the one-d imens ional  case ,  (5.5) has  the fo rm of the equation of motion of a point in the potential  
field �9 (I). It  has  a s ingular i ty  of type "cente r"  for r d < 0 and of type "saddle"  for  r d > 0. Thus, a f ter  
pass ing through the turning point of the v o l t - a m p e r e  cha r ac t e r i s t i c ,  when the homogeneous s tate  becomes  
unstable ,  it is poss ib le  that a new s ta t ionary  s tate  of one of the following two fo rms  is es tabl i shed:  

1) Against  the homogeneous background of the d ischarge  with cu r r en t  densi ty I = I (2) there  is a wide 
reg ion  with reduced cu r r en t  densi ty "soliton quenching" cor responding  to the s e p a r a t r i x  in the phase 
plane),  the cu r r en t  at the min imum [I (9] being less  than the cu r ren t  [I0)] on the lower  b ranch  of the v o l t -  
ampe re  c h a r a c t e r i s t i c  (for given U); 

2) the cu r ren t  densi ty osc i l la tes  along the e lec t rodes  about the value I (9, so that  the d ischarge  has 
a t r a n s v e r s e  per iodic  s t ruc tu re .  

For  smal l  pe r tu rba t ions  the soli ton solution has  the fo rm 

where  

I : 1 (8) --  (I (8) -- 1 (3)) sch ~ (y / A) 

3 i s ( l  __[) /-~g 
l ( e )  i(a)= -5- ~ r 4 r=r(~) 

8 Ip(l)A(I)ln(n-~-)l-~-~V'] • l  
A = y l  / + g  rdJ ]r--r(2) 

(5.6) 

(5.7) 

(5.s) 

Although we have only cons idered  the one-d imens ional  case  above, we may  hope that  the cyl indr ica l ly  
s y m m e t r i c a l  solution also "has a s i m i l a r  c h a r a c t e r .  The stabi l i ty  of these  new s ta t ionary  s ta tes  st i l l  has to 
be invest igated.  

It  is poss ib le  that  the fo rmat ion  of l aces  which are  observed  exper imenta l ly  when the d ischarge  is 
quenched [7] and the per iodic  t r a n s v e r s e  d ischarge  s t ruc tu re  announced in [6] are  the r e su l t s  of the deve lop-  
ment  of the above-.mentioned ins tab i l i t ies .  
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